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Abstract 

     In this paper, by using  the C-class functions  and  a  new approach  we present  some  coupled  coincidence  point 

results  for  a  pair  of  mappings  satisfying  generalized  , -weakly contractive condition in the setting of ordered

b-metric spaces. 
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INTRODUCTION  

     Guo and Lakshmikantham [9] studied the 

concept of coupled fixed points, they first give 

some existence theorems of the coupled fixed 

points for continuous and discontinuous 

operators. Later, Bhaskar and 

Lakshmikantham [5] studied monotone 

property and supported this by providing an 

application to the existence of periodic 

boundary value problems. Lakshmikantham  

and Ćirić [13] introduce the concept of a 

mixed g-monotone mapping and prove 

coupled coincidence and coupled common 

fixed point theorems for such nonlinear 

contractive mappings in partially ordered 

complete metric spaces. 

      In this paper, we use the notion of C-class 

of function which is generalization of altering 

distance function and by using this definition 

we have improved the  results of Hussain, 

Abbas, Azam and Ahmad [14] in the setting of 

b-metric space and proved coupled fixed point 

theorem. For more about fixed point results via 

C-class functions see [17]. 

Definition 1. [8] Let X  be a nonempty set and 

1s  be a given real number. A function 
 RXXd : is a b-metric if and only if for 

all ,,, Xzyx   the following conditions are 

satisfied: 

(b1)     0, yxd   if and only if  ,yx 

(b2)      ,,, xydyxd 

(b3)         .,,, zydyxdszxd 

The pair  dX ,  is called a b-metric space.

Definition 2. [6] Let  dX ,  be a b-metric

space. Then a sequence  nx  in X is called b-

convergent if and only if there exists 

Xx such that   ,0, xxd n  as n . In 
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this case, we write 



n

n xx .lim  

Definition 3. [6] Let  dX ,  be a b-metric

space. Then a sequence  nx  in X  is called b-

Cauchy if and only if   ,0, mn xxd  as

., mn  

Definition 4. [6] The b-metric space  dX ,  is

b-complete  if  every b-Cauchy sequence in X  

b-converges. 

Definition 5. Let X  be a nonempty set. Then 

(X, d, ⪯) is called a partially ordered b-metric 

space if and only if  d is a b-metric on a 

partially ordered set (X, ⪯). 

     For  more on coupled fixed point theory we 

refer to the reviews (see, [1], [2], [3], [7], [9], 

[13], [14], [18]). Sevaral papers have been 

published on the fixed point theory of various 

classes of single-valued and multi-valued 

operators in b-metric spaces (see [7], [8], [10], 

[16]). 

Definition 6. [5] Let ,(X ⪯) be a partially 

ordered set. The mapping XXXF :  is 

said  to have the mixed monotone property  if 

F is monotone non-decreasing in its first 

argument and is monotone non-icreasing in its 

second argument, that is, for all ,, 21 Xxx   

1x ⪯
2x implies ),( 1 yxF ⪯ ),( 2 yxF , for any 

Xy and for all ,, 21 Xyy  1y ⪯
2y implies 

),( 1yxF ⪰ ),,( 2yxF  for any .Xx  

     Lakshmikantham and Ćirić [13] 

generalized the concept of a mixed monotone 

property as follows. 

Definition 7. [13] Let ,(X ⪯) be a partially 

ordered set and g  a self mapping on X. A 

mapping XXXF :  is said to have a 

mixed g -monotone property if for all 

,, 21 Xxx   g 1x ⪯g 2x  implies that 

),( 1 yxF ⪯ ),( 2 yxF ,  for any Xy  and   for  

all 

,, 21 Xyy  g 1y ⪯g 2y implies that 

),( 1yxF ⪰ ),,( 2yxF  for any .Xx  

Definition 8. [14] An   element  

XXyx ),(  

is called a coupled coincidence point of the 

mappings  XXXGF :,  if  

),(),( yxGyxF   and  ).,(),( xyGxyF   

Definition 9. [14] Suppose that 

XXXGF :,  are two mappings. F is said to 

be G-increasing with  respect  to  ⪯  if for all 

,,,, Xvuyx   with ),( yxG ⪯ ),( vuG  we have 

),( yxF ⪯ ),( vuF . 

Definition 10. [14] Let XXXGF :, . We 

say that the pair  GF,  is generalized

compatible if 
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yxFxyFGyxGxyGFd

xyFyxFGxyGyxGFd

as ,n  whenever  nx and  ny are 

sequences in X such that 

.),(lim),(lim

),(lim),(lim

2

1

txyGxyF
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nn
n
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n

nn
n
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Definition 11. [14] Let  XXXGF :,  be 

two maps. We say that the pair  GF,  is

commuting if  

   ),(),,(),(),,( xyFyxFGxyGyxGF 

for all ., Xyx   

As  given in [2]   denotes the set of all 

functions     ,0,0:  such that:

1.   is continuous and increasing,

2.   0t  if and only if  ,0t

3. ),()()( stst   for all 

  ,0, st .

Let   be the set of all the functions 

    ,0,0:  such that 0)(lim 


t
rt
  for

all 0r  and  .0)(lim
0




t
t

  

Definition 12. [12] A function 

    ,0,0:

is called an altering distance function if it 

satisfies the following conditions: 

(i)   is monotone increasing and 

      continuous; 

(ii) 0)( t  if and only if .0t  
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In our results in the following section we will 

use the following class of functions.  

   :,0,0:   an altering distance

function}. 

    :,0,0:   lower semi-continuous

functions,   0t  if and only if 0t } we

have let     :,0,0:1   lower semi-

continuous functions, ,0)0(  ,0)( t  

0t }. 

Definition 13. An ultra altering distance 

function is a continuous, mapping 

    ,0,0:  such that ,0)0(  ,0)( t

0t . 

    :,0,0:   an ultra altering

distance function}. 

     In Ansari [4] introduced the concept of C-

class functions which cover a large class of 

contractive conditions.  

Definition 14. A mapping   Rf 
2

,0:  is

called C-class function if it is continuous and 

satisfies following axioms: 

(1) stsf ),(  

(2) stsf ),(   implies that either 0s  or 

0t  for all  .,0, ts

Note that for some f  we have   .00,0 f  We

denote  C-class functions as C. 

MAIN  RESULTS 

      In [14]  proved coupled fixed point 

theorem, we improved this results in the 

settings of b-metric space. 

Theorem 1. Let (X, ⪯, d) be an ordered 

complete b-metric space (with parameter 

).1s  Assume that XXXGF :,  are two 

generalized compatible mappings such that F 

is G - increasing with respect  to ⪯, G is 

continuous and has the mixed monotone 

property, and there exist two elements 

,, 00 Xyx   with   00, yxG ⪯  00 , yxF   and

 00 , xyG ⪰  00 , xyF . 

Suppose that there exist  and ,  f  is 

C-class such that 

     
   

   











 












 



2

),(),,(),(),,(

,
2

),(),,(),(),,(

,,,

uvGxyGdvuGyxGd

uvGxyGdvuGyxGd
f

vuFyxFdsa







 (1) 

for all ,,,, Xvuyx   1a  with 

 yxG , ⪯  vuG , . Suppose that for any

,, Xyx    there exist Xvu , such that  









).,(),(

),(),(

uvGxyF

vuGyxF
   (2)  

Also suppose that either 

(a)  F  is continuous or 

(b) X has the following property 

(i) if a non-decreasing sequence   ,xxn 

then nx ⪯ x  for all ,n

 (ii) if a non-increasing sequence  ,yyn 

       for all .n  
Then, F and G have a coupled coincidence 

point in X. 

Proof: Let 00 , yx  be arbitrary point in X such 

that 

 00 , yxG ⪯  00 , yxF and  00 , xyF ⪯  00 , xyG

(such points exist by hypothesis). From (2), 

there exists   XXyx 11, such that 

   1100 ,, yxGyxF   and    .,, 1100 xyGxyF 

Continuing this process, we can construct two 

sequences  nx  and  ny  in X such that 

       ,,,,,, 1111   nnnnnnnn xyGxyFyxGyxF

 for  all .Nn   (3) 

First  we  show  that  for  all  Nn , we  have 

 nn yxG , ⪯  11,  nn yxG  and 

 11,  nn xyG ⪯  nn xyG , .   (4) 

As  00 , yxG ⪯  00 , yxF   and 

 00 , xyF ⪯  00 , xyG as    1100 ,, yxGyxF 

and    ,,, 1100 xyGxyF   we   have 

 00 , yxG ⪯  11, yxG  and  11, xyG ⪯  00 , xyG . 

Thus (4) holds for .0n  Suppose now that (4) 

holds for some fixed .Nn  Since F is G-

increasing with respect to ⪯, we have 

   nnnn yxFyxG ,, 11  ⪯

   2211 ,,   nnnn yxGyxF   and 
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   1122 ,,   nnnn xyFxyG ⪯

   .,, 11  nnnn xyGxyF

Hence (4) holds for all .Nn  For all ,Nn  

denote 

   .),(),,(),(),,( 1111   nnnnnnnnn xyGxyGdyxGyxGd

We can suppose that 0n   for  all .Nn  If 

not,  nn yx ,  will be a coincidence point and

the proof  is finished. We claim that for any 

,Nn  

we have     nn  1 .

Since  nn yxG , ⪯  11,  nn yxG     and

 nn xyG , ⪰  ,, 11  nn xyG letting 

,nxx  ,nyy 

1 nxu  and 1 nyv  in (3) and using (1), we 

get 
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f
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 (5) 

Similarly we have 
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 (6) 

Suming (5) and (6), since   is non-decreasing, 

we obtain that 

  nan
nnn

n

a

s
fs 
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22
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  (7) 

It follows that the sequence  n  is monotone 

decreasing. Therefore, there is some 0  

such that  .lim 


  n

n
 We shall show that 

.0  Assume on contrary that .0  Then 

taking the limit as n (equivalently, 

) n  in (7), using the fact that 

  0lim 


t
rn
  for all 0r  and   is continuous,

we have 

ss

f

fss
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a  contradiction. Thus  ,0   that  is 
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Hence, by Jovanović et al., (see [11])   n

i.e.,   ),(),,( nnnn xyGyxGd is a  b-Cauchy 

sequence in XX   endowed with the metric 

  defined by   

  ),(),(),(),,( vyduxdvuyx 

for all .),(),,( XXvuyx   Hence  ),( nn yxG

and  ),( nn xyG are  b-Cauchy sequences in 

).,( dX  Now, since ),( dX is b-complete, there 

exist Xyx ,  such that 

  xyxFyxG nn
n

nn
n




),(lim),(lim  and 

 .),(lim),(lim yxyFxyG nn
n

nn
n




     (8) 

Since  the pair  GF, satisfies the generalized

compatibility, from (8), we get  

     0),(),,(,),(),,(lim 


nnnnnnnn
n

xyFyxFGxyGyxGFd

   (9) 

and 

     0),(),,(,),(),,(lim 


nnnnnnnn
n

yxFxyFGyxGxyGFd

Suppose that F is continuous. For all ,0n  we 

have 

  

   

    .),(),,(,),(),,(

),(),,(),,(

),(),,(),,(

nnnnnnnn

nnnn

nnnn

xyGyxGFxyFyxFGd

xyFyxFGyxGds

xyGyxGFyxGd
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Taking the limit as ,n  using (8), (9) and 

the fact that F and G are continuous, we have  

).,(),( yxFyxG   Similarly, using (8), (9) and 

the fact that F and G are continuous, we have 

).,(),( xyFxyG   Thus ),( yx  is a coupled 

coincidence point of F and G. Now, suppose 

that (b) holds. By (4) and (8), we have 

 ),( nn yxG is non-decreasing sequence, 

xyxG nn ),( and  ),( nn xyG is non-

decreasing  sequence, yxyG nn ),(  as 

.n   Thus   for   all  ,Nn  we   have 

     ),( nn yxG ⪯ x and ),( nn xyG ⪰ .y           

(10) 

Since the pair  GF,  satisfies the generalized

compatibility  and G is continuous, we have 

  ),(),(),,(lim yxGxyGyxGG nnnn
n




 

 ),(),,(lim

),(),,(lim

nnnn
n

nnnn
n

xyGyxGF

xyFyxFG








(11) 

and 

  ),(),(),,(lim xyGyxGxyGG nnnn
n
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n

nnnn
n

yxGxyGF

yxFxyFG








(12) 

Now, we have 

 
   ),(,),(),,(lim

),(),,(

yxFxyFyxFGd

yxFyxGd

nnnn
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        .),(,),(),,(lim yxFxyGyxGFd nnnn
n 



Since G has the mixed monotone property, it 

follows from (10) that  

      ),(),,( nnnn xyGyxGG ⪯ ),( yxG               and

      ),(),,( nnnn yxGxyGG ⪰ ).,( xyG  

Now  using (1), (11)  and  (12), we  get 
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Then we obtain that ).,(),( yxFyxG   

Similarly, we can show that ).,(),( xyFxyG   

Example 1. Let   ,, kstsf    1,0X

endowed with the natural ordered of real 

numbers. We endow X with the standard 

metric X  

        2
, yxyxd      for  all  ., Xyx   

Then  dX ,  is a complete b-metric space.

Define the mappings XXXGF :,  as 

follow 

 
8

,
33 yx

yxF


 ,    if     ,yx    

  0, yxF ,        if     ,yx   

and 

 yxG ,
33 yx  ,    if   yx   

  ,0, yxG    if   yx  . 

First we prove that F  is G -increasing. Let 

    XXvuyx ,,,   with     vuGyxG ,,  .

We consider the following cases.  

Case 1:  If  yx    then     .,0, vuFyxF 

Case 2:  If   yx  ,  if  ,vu   then 

   

   .,,

88

,,

3333

3333

vuFyxF

vuyx

vuyx

vuGyxG













If  ,vu   then 

   

   .,0,

00

,,

33

33

vuFyxF

yx

yx

vuGyxG









Thus we have F is G - increasing. 
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Now we prove that for any ,, Xyx   these 

exist Xvu ,  such that  

   
   








.,,

,,

uvGxyF

vuGyxF

Let    XXyx ,  be fixed. We consider the

following cases.  

Case 1: If ,yx   then we have, 

   yxGyxF ,0,  and  

   .,0, xyGxyF 

Case 2: If ,yx   then we have  

  












2
,

28
,

33 yx
G

yx
yxF
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2
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2
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xy
GxyF  

Case 3: If ,yx  then we have 
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2
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28

,
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xy
G

xy
xyF  

Now we prove that G is continuous and has 

the mixed monotone property. Clearly G is 

continuous. Let   XXyx ,  be fixed.

Suppose that Xxx 21,  are such that .21 xx   

We discuss the following cases. 

Case 1: If ,1 yx   then we have, 

      .,0, 21 yxGyxG 

Case 2: If  ,12 yxx   then we have 

      .,, 2

33

2

33

11 yxGyxyxyxG 

Similarly, we can show that if  Xyy 21,  are 

such that ,21 yy   then    .,, 21 yxGyxG 

Now, we prove that the pair  GF,  satisfies

the generalized compatibility hypothesis. Let 

 nx  and  ny  be two sequences in X such

that 

          nn
n

nn
n

yxGyxFt ,lim,lim1




and        nn
n

nn
n

xyGxyFt ,lim,lim2
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Then it must be that 021  tt  and one can 

easily prove that 
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Now we prove that there exist two elements 

Xyx 00 ,  with 

 00 , yxG ⪯  00 , yxF and  

 00 , xyG ⪰  ., 00 xyF

Since we have 
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Now, let     ,0,0:,  be defined as

  ,tt   for all   ,0t , clearly . We

next verify the contraction (1) for all 

,,,, Xvuyx   with  yxG , ⪯  vuG ,  and 

 uvG , ⪯  ., xyG  We have
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Where 
2

1
k , hence condition (1) is satisfied. 

Thus all the requirements of Theorem 1 are 

satisfied and  0,0  is coupled coincidence

point of F  and .G  

CONCLUSION 

In this paper, by using the C-class functions 

and a new approach, we present some coupled 

coincidence point result for a pair of mappings 

satisfying generalized  , -weakly contractive

conditions in the setting of ordered b-metric 

spaces. An   application and example are given 

in [15].  
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