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Abstract 

     In this paper, we proved some unique common fixed  point results in setting of  C
*
-algebra-valued metric 

spaces for two pairs of weakly compatible mappings, satisfying  a  contractive condition given by Pachpatte 

[Pachpatte, B. G. Fixed point theorems satisfying new contractive  type  conditions, Soochow Journal of  

Mathematics. 16(2),  pp.173-183, (1990)] using property (E.A). 
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INTRODUCTION 

In Ma et al. [10] introduced C
*
-algebra-

valued metric spaces as a new concept which 

are more general than metric space, replacing 

the set of real numbers by C*- algebras, and 

establish a fixed point theorem for self-maps 

with contractive or expansive conditions on 

such spaces, analogous to the Banach 

contraction principle.   

     A ∗-algebra is a complex algebra with 

linear involution ∗ such that yy **  and 
  yzyz)( , for any ., Ezy   If ∗- algebra 

together with complete sub multiplicative   

norm  satisfying yy   for   all  ,Ey  

then  ∗ - algebra   is   said   to   be  a   Banach 

∗-algebra. A  C
*
- algebra is a Banach ∗-

algebra such that 
2

yyy    for all   .Ey  

     If  a  normed  algebra  E  admits  a  unit  

E1 , aaa EE 11   for all Ea , ,11 E  then 

we say that E is a unital normed algebra. A 

complete unital normed algebra E is called 

unital Banach algebra. 

     A positive element of E is an element 

Ea  such  that aa   and its spectrum 

 Ra)(  where aRa E  1:{)(   is  

non-invertible}. The set of all positive 

elements will be denoted by E . Such 

elements allow us to define a partial ordering 

⪰ on the elements of  E.  That is, b⪰a  if  and 

only  if   Eab . If Ea  is positive, then 

we write a ⪰ E0 ,  where E0  is the zero element 

of  E.  Each  positive element  a  of  a C*-

algebra  E has a unique positive square root. 

From  now  on, by  E  we  mean  a  unital  C*-

algebra with identity  element .1E  The sum of 

two positive elements  in  a C
*
-algebra is a

positive element. If  a  is an arbitrary element 

of a C
*
-algebra  E, then  aa  is positive.    Let  

E    be   a  C
*
 - algebra   and  if  Eba,  such 

that  a⪰b, then  for  any ,Ex  both axx   and 

bxx   are positive  elements and axx ⪰ .bxx  

Further,  aEaE : ⪰ E0  and .)( 2

1

aaa 
 

     Very simply, E has an algebraic structure 

and a topological structure coming from a  
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norm. The condition that E be a Banach 

algebra expresses a compatibility between 

these structures. All over this paper, E means a 

unital C
*
-algebra with a unit I, R is set of real

numbers  and R  is the set of non-negative 

real numbers  and  )(RM n  is nn  matrix 

with real entries R. 

Lemma 1. [9] Suppose that E is a unital  C
*
-

algebra with a unit .1E  For any ,Ex  we 

have x⪰ E1 , if and only if .1x  If ,Ea

with 
2

1
a then aE 1  is invertible and 

.1)1( 1  aa E  Suppose that Eba ,  with 

ba, ⪰ E0 , and baab  , then   ab⪰ .0E  By  E  

we   denote   the   set  

 ,: baabEa   for  all  .Eb

Let  Ea   if Ecb ,  with  b⪰c⪰ ,0E   and 

EaE
1   is  an  invertible operator, then 

baE

1)1(  ⪰ .)1( 1caE

  

Based on the concept and properties of C
*
-

algebras,  recently  in  Ma et al. [10] 

introduced the concept of C
*
-algebra-valued

metric spaces as a new concept which are 

more general than metric space, replacing the 

set of real numbers by C
*
-algebras as follows:

Definition 1. [10] Let X  be  a  nonempty  set.  

Suppose  that   the   mapping  EXXd :   

is defined, with the following properties: 

(1.1) E0 ⪰ d(x, y)  for  all   x  and  y  in  X, 

(1.2) d(x, y) = E0   if  and  only  if   x = y, 

(1.3) d(x, y) = d(y, x)  for  all  x  and  y  in  X, 

(1.4) d(x,y) ⪰ d(x,z) + d(z,y) for all .,, Xzyx      

Then d  is said to be a C
*
-algebra-valued

metric on X, and ),,( dEX  is said to be a C
*
-

algebra-valued metric space. 

Definition 2. [10] Suppose that ),( EX  is a 

C
*
- algebra -valued metric space. A mapping

 : →  is called C
*
-algebra-valued

contractive   mapping  on   ,  if   there   is    an 

EP   with 1P  such that 

),( TyTxd ⪰ PyxdP )),((    for   all ., Xyx   

Example 1. [10] Let RX   and ).(2 RME   

Defined ),,(),( yxyxdiagyx      where 

Ryx ,  and  0  is a constant. Then   d 

is  a  C
*
-algebra-valued  metric  and

)),(,( 2 dRMX is a complete C
*
-algebra-valued

metric space by the completeness of  R. 

Definition 3. [10] Let ),,( dEX  is a C
*
-

algebra valued metric space and  let  nx  be a 

sequence in X.  If 

 (1.5)   for any  ε > 0,  there is  N such that  for 

all n > N, ),( xxd n , then the sequence 

 nx  is said to be convergent, and we denote it  

as .lim xxnn   

(1.6)   for   any  ε > 0,  there  is  N  such  that 

for   all m,n > N, ,),( nm xxd  then the 

sequence  nx  is  said  to be Cauchy sequence. 

(1.7) C
*
-algebra valued metric space is said to

be complete if every Cauchy sequence in X 

with respect to E  is convergent. 

For more details, one can refers ([2], 

[3], [5], [6], [7], [8], [12], [13], [14]). 

Definition 4. [4] A pair of self-mappings A,B: 

 →  is called weakly compatible if they 

commute at their coincidence point, that is, if 

there   is   a   point    ∈   such   that   A  = B , 

then  AB   = BA , for  each   ∈ . 

      The definition of weakly compatible is 

used in similar mode in C
*
-algebra-valued

metric space as in metric spaces. 

      The definition of property (E.A) has been 

introduced  in  [1] as follows: 

Definition 5. [1] Let A,B:  →  be two self-

mappings of a metric space ).,( dX  The pair 

(A,B) is said to satisfy property (E.A),  if  there 

exists a sequence  nx  in   such  that 

        ,0),(lim),(lim   uBxduAxd nnnn

 for   some .Xu  

Now we define property (E.A) in C
*
-

algebra-valued metric spaces as follows:  

Definition 6. Let A,B:  →  be two self-

mappings of a metric space ).,( dX  The pair 

(A,B) is said to satisfy property (E.A), if  there 

exists a sequence  nx  in such  that

      ,0),(lim),(lim Ennnn uBxduAxd    

for some .Xu  
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MAIN   RESULTS 

     In this section, common fixed point results 

for the pairs in setting of C
*
-algebra-valued

metric space using weakly compatible and 

property (E.A), have been proved, by the 

contractive  conditions  given by Pachpatte 

[11] as follows: 

Theorem 1. Let ),,( dEX  be a C
*
-algebra-

valued metric space and let P,Q,R,S :  →  be 

four self-mappings satisfying the following: 

(C1)  P( ) ⊆Q( ),  R( ) ⊆S( ); 

(C2) 

 3),( PyRxd

         ⪰ APySydRxQxdSyQxdA )),(),(),(( , 

for  all  Xyx , ,  where ;1A  

(C3) the pairs (R,Q) and (P,S) are weakly 

compatible; 

(C4) one of the pairs (R,Q) and (P,S) satisfies 

property  (E.A). 

If the range of one of the mappings S( ) or 

Q( ) is closed subspace of  , then the 

mappings  P,Q,R, and S have a unique 

common  fixed  point  in X. 

Proof. Suppose that the pair (P,S) satisfies 

property (E.A). Then there exists a sequence 

 nx  in   such that

         ,limlim zSxPx nnnn   (1) 

for  some .Xz                  

Further, since P( ) ⊆ Q( ), there exists a 

sequence ny in   such that .nn QyPx   Hence

.lim zQynn   Now our claim is 

.lim zRynn   Putting nyx   and nxy    in 

condition (C2), we have 

 3),( nn PxRyd

     ⪰ APxSxdRyQydSxQydA nnnnnn )),(),(),((  

     = .)),(),(),(( ASxPxdRyPxdSxPxdA nnnnnn

  

Which implies that 

 ),(),(),(

),(

2

3

nnnnnn

nn

SxPxdRyPxdSxPxdA

PxRyd



By dividing two sides of the above inequality 

with ,),( nn PxRyd we get 

 .),()(
222

nnnn SxPxdAPxRyd 

Taking limit n →∞, we have 

0),(),(  nnnn SxPxdAPxRyd  

i.e., .limlim zPxRy nnnn    

Now, suppose that Q( ) is a closed subspace 

of  , then there exists Xu  such  that 

Quz  . Subsequently, we have 

.lim

limlimlim

QuzQy

SxPxRy

nn

nnnnnn








  (2)  

We claim that  R  = Q . Putting x = u, nxy 

 in  (C2), we get 

 3),( nPxRud

         ⪰ ,)),(),(),(( APxSxdRuQudSxQudA nnn



and letting   →∞  and using (2)  we  have 

  ,0),(),(),(

),(

2

3

 zzdRuzdzzdA

zRud

and consequently .QuzRu  Thus  z  is a 

coincidence  point of (R,Q). Since R( ) 

⊆S( ), there exists Xv such that .SvRu   

Hence .zSvQuRu   

Now   we   show   that  v  is  a  coincidence 

point  of (P,S) that is, .zSvPv   Now 

putting     =  ,   vy   in (C2), we get 

 3),( PvRud

        ⪰ ,)),(),(),(( APvSvdRuQudSvQudA i.e

 .),(),(),(

),(

2

3

PvSvdzzdSvzdA

Pvzd



Thus .zPv   Hence zSvPv    and v   is a 

coincidence  point  of  P  and  S. Since the 

pairs (R,Q) and (P,S) are weakly compatible, 

and  z and v  are their coincidence point 

respectively, so we have  RQ  = QR  = R  = 

Q ,  .SzPzSPvPSv    

In order to show that   is a common fixed 

point  of  these mappings, on putting ux   

and zy   in condition (C2), we have 

   33
),(),( PzRudPzzd 

        ⪰ ,)),(),(),(( APzSzdRuQudSzQudA i.e

 .),(),(),(

),(

2

3

PzSzdRuQudSzQudA

Pzzd



Hence, .0),(
3
Pzzd

Thus, .zPzSzQzRz    
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Similarly, we can complete the proof  for case 

in which S( ) is closed subspace  of   . 

Existence 

To prove that   is a unique  common  fixed 

point, let us suppose that  p is another common  

fixed point of  P, Q, R, and S. Putting px    

and zy   in condition (C2), we have 

   33
),(),( PzRpdzpd 

⪰ ,)),(),(),(( APzSzdRpQpdSzQpdA    i.e

 .),(),(),(

),(

2

3

PzSzdRpQpdSzQpdA

zpd



Hence, 0),(
3
zpd is a contradiction. 

Thus    = p. Consequently, Rz = Qz = Pz = Sz 

= z and z  is the unique common fixed point of   

P,Q,R, and S. Putting  S=Q  in Theorem 1 we 

have the following corollary: 

Corollary 1. Let  P,Q and R  be three self-

mappings of a C
*
-algebra-valued metric space

),,( dEX  satisfying  the inequality 

(C5) 

 3),( PyRxd

            ⪰ ,)),(),(),(( APyQydRxQxdQyQxdA

for all   ,  ∈ , where .1A  

Suppose that the following conditions hold: 

(C6)  Q( ) ⊇R( )⋃P( ), 

(C7)  both the pairs (Q,R) and (Q,P) are 

weakly compatible, 

(C8)  one of the pairs (Q,R) and (Q,P) satisfies 

the property (E.A). 

If  Q( ) is closed subspace of  , then R, P, 

and Q have a unique common fixed point  in 

 . In Theorem 1  if  we  put  R = P and Q = S, 

we have the following. 

Corollary 2. Let  dEX ,,  be a C
*
-algebra-

valued metric space and let R and P be two 

self-mappings satisfying the following: 

(C9)  R( ) ⊆Q( ); 

(C10)  

 3),( PyRxd

          ⪰ ,)),(),(),(( ARyQydRxQxdQyQxdA  

for all   , ∈ , where ,1A

(C11)  (Q, R) is a weakly compatible pair; 

(C12)  the pair  (Q, R) satisfies  property   

(E.A).  If Q( )  is closed subspace of  , then 

Q and R have the unique common fixed point 

in  . 

Theorem 2. Let P, Q, R, and S be four self-

mappings   of   a  C
*
 -algebra-valued   metric

space ),,( dEX  satisfying the following: 

(C13)  P( ) ⊆Q( ) and  R( ) ⊆S( ); 

(C14)  

 d(R ,P )⪰

.)),(),((

)),((
2

1
,)),((

2

1

,)),((,)),((,)),((

max

1

22

222

*

APySydRxQxd

RxSydPyQxd

PySydRxQxdSyQxd

A


































If   EPySydRxQxd 0),(),( 

 where  , 1A  or EPyRxd 0),(  if  

,0),(),( EPySydRxQxd   for all   ,, Xyx 

(C15)  the pairs (R,Q) and (P,S) are weakly 

compatible; 

(C16)  one of the pairs (R,Q) and  (P,S) 

satisfies property (E.A). 

If the range of one of the mappings S( ) or 

Q( ) is a closed subspace of  , then the 

mappings P, Q, R, and S have a unique 

common fixed point  in  . 

   Proof. Let us suppose that 

EPySydRxQxd 0),(),(   so EPyRxd 0),( 

and  the  pair (P,S) satisfies property (E.A). 

Then there exists a sequence  nx  in   such 

that ,limlim zSxPx nnnn     for some  

 ∈ . Since  P( ) ⊆Q( ), there exists a 

sequence  ny in    such that .nn QyPx   

Hence .lim zQynn   Next  we  claim  that 

.lim zRynn   In inequality (C14), putting  

nyx   and  ,nxy   we get 

),( nn PxRyd ⪰ 

.)),(),((

)),((
2

1
,)),((

2

1

,)),((,)),((,)),((

max

1

22

222

*

APxSxdRyQyd

RySxdPxQyd

PxSxdRyQydSxQyd

A

nnnn

nnnn

nnnnnn
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.)),(),((

)),((
2

1

,0,)),((,)),((

max

1

2

22

*

APxSxdRyPxd

RySxd

RyPxdSxPxd

A

nnnn

nn

Annnn




































Hence, 






































1

2

22

2

)),(),((

)),((
2

1
,0

,)),((,)),((

max

,(

nnnn

nn

nnnn

nn

PxSxdRyPxd

RySxd

RyPxdSxPxd

A

PxRyd

and letting   →∞,  we have 

0),()1(
2

 nn PxRydA

which is a contradiction, since .1A  

Therefore, .limlim zPxRy nnnn      

Assuming  Q( )  is closed subspace of  , then 

 =Q  for some  u ∈ . Now, we obtain 

.lim

limlimlim

QuzQy

SxPxRy

nn

nnnnnn








 (3)                                                                            

Our aim is to prove R  = Q  and for this 

putting ux    and  nxy    in (C14)  we  get 

),( nPxRud ⪰ 

.)),(),((

)),((
2

1
,)),((

2

1

,)),((,)),((,)),((

max

1

22

222

*

APxSxdRuQud

RuSxdPxQud

PxSxdRuQudSxQud

A

nn

nn

nnn


































Letting  n→∞  and  using (3) we get 

0),()1(
2

 zRudA , and  Ru = z  since  

.1A Therefore,  u is  a coincidence 

point   of   (R, Q). Weak compatibility of the 

pair (R,Q) implies that RQ =QR =R =Q . 

Otherwise, since  R( ) ⊆S( ), there  exists 

Xv  such  that  .SvRu   

Hence,  R  = Q  = S v  =  . To  show that v  is 

a coincidence point of pair (P,S), by using 

similar arguments in Theorem 1  and 

inequality (C14) we  have 

),( PvRud ⪰ 

.)),(),((

)),((
2

1
,)),((

2

1

,)),((,)),((,)),((

max

1

22

222

*

APvSvdRuQud

RuSvdPvQud

PvSvdRuQudSvQud

A


































Hence 

PvzdAPvzd ,(),(
2



and then zPv   because .1A With the 

same  assertions as in Theorem 1 one gets that  

   is a common coincidence point of P, Q, R, 

and S. Other details of  Theorem 2 in which    

is a unique common fixed point of the 

mappings P, Q, R, and S can be obtained in 

view of the final part of  the proof of 

Theorem 1. 

Remark 1. We note that the conclusions of 

Theorem 2 are still valid if we replace 

inequality (C14) with the following inequality: 

d(R ,P )⪰ 

 
 

 
 

A

SyQxd

PySydPyQxdRxSyd

SyQxd

SyqxdSyQxdPyQxd

A





















































),(12

),(),(1),(

,
),(12

),(),(1),(

max*

CONCLUSION 

Recently, based on the concept and 

properties of C
*-algebras, Ma et al. [10] 

introduced the concept of C
*-algebra-valued 

metric spaces as a new concept which are 

more general than metric space replacing the 

set of real numbers by C*-algebras. 

    This paper is committed to proving common 

fixed point results for the pairs in setting of C*-

algebra-valued metric space using weakly 

compatible and property (E.A), by the 

contractive  conditions given by Pachpatte 

[11]. 
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